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1ON LOGARITHMIC CONVEXITY FOR GIACCARDI’S
DIFFERENCE
J. PECˇARIC´ AND ATIQ UR REHMAN
Abstract. In this paper, the Giaccardi’s difference is considered in
some special cases. By utilizing two classes of the convex functions,
the logarithmic convexity of the Giaccardi’s difference is proved.
The positive semi-definiteness of the matrix generated by Giac-
cardi’s difference is shown. Related means of Cauchy type are de-
fined and monotonicity property of these means is proved. The
related mean value theorems of Cauchy type are also given.
1. Introduction and preliminaries
The well known Giaccardi’s inequality[1] is given in the following re-
sult (see also [5, page 153, 155]).
Theorem 1.1. Let f : I → R, where I ⊆ R is an interval, (p1, ..., pn)
be a non-negative n-tuple, (x1, ..., xn) be n-tuple in I
n and x0 ∈ I such
that x˜n :=
∑n
k=1 pkxk ∈ I and
(1) (xi − x0)(x˜n − xi) ≥ 0 for i = 1, ..., n, x˜n = x0.








i=1 pi(xi − x0)
x˜n − x0 , B =
(
∑n
i=1 pi − 1) x˜n
x˜n − x0 .
Remark 1.2. Condition that f is convex function can be replaced with
(f(x)− f(x0)) /(x−x0) is an increasing function, then inequality (2) is
also valid [5, pages 152-153].
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2Moreover, we proved the following result in [3].
Theorem 1.3. Let f : I → R, where I ⊆ R is an interval, (p1, ..., pn)
be a non-negative n-tuple, (x1, ..., xn) be n-tuple in I
n and x0 ∈ I such
that x˜n :=
∑n
k=1 pkxk ∈ I and (1) is satisfied. If f(x)/(x − x0) is an




pkf (xk) ≤ Af(x˜n)
holds, where A is the same as in Theorem 1.1.













, t = 1,
A (x˜n − x0) log (x˜n − x0)−
n∑
k=1
pk(xk − x0) log(xk − x0), t = 1,
where t ∈ R and
(6) x˜n ≥ xi > x0 for i = 1, ..., n.
If t → Υt is a positive valued function, then for r, s, t ∈ R such that
r ≤ s ≤ t, we proved
(7) (Υs)
t−r ≤ (Υr)t−s(Υt)s−r.
An interesting question is to remove the condition (6) i.e. consider
the case when for some i we have xi ≤ x0 and for some i, xi > x0. To
give an answer to this question, we can consider the case of convex func-
tion instead of that in Theorem 1.3. Namely, we can use the following
theorem [2].
Theorem 1.4. Let f : I → R, where I ⊆ R is an interval, (p1, ..., pn) be
a real n-tuple, (x1, ..., xn) be n-tuple in I
n and x0 ∈ I such that x1 ≥ ... ≥
xm ≥ x0 ≥ xm+1 ≥ ... ≥ xn (m ∈ {0, 1, 2, ..., n}), x˜n :=
∑n





pi (x˜n − xi) ≥ 0 (1 ≤ k ≤ m) ,
n∑
i=k
pi (x˜n − xi) ≤ 0 (m+ 1 ≤ k ≤ n) .
Then, for every convex function f on I, the inequality (2) holds. If the
reverse inequalities hold in (8), then the reverse inequality holds in (2).
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3Let us consider the following Giaccardi’s difference:




In this paper, we consider two classes of parameterized convex func-
tions and give logarithmic convexity of the difference defined in (9), as a
function of parameter. We introduce a symmetric matrix generated by
the difference and prove that this matrix is positive semi-definite. We
construct certain Cauchy type means and show that these means are
monotone in each variable. Also we prove related mean value theorems
of Cauchy type.
2. Main results





t(t−1) , t = 0, 1;
− log x, t = 0;
x log x, t = 1.
Then φt(x) is convex on (0,∞).
Proof. Since
φ′′t (x) = x
t−2 > 0 for all x ∈ (0,∞), t ∈ R,
therefore φt(x) is convex on (0,∞) for every t ∈ R. 
Lemma 2.2. [4] A positive function f is log-convex in the Jensen sense













+ w2f(t) ≥ 0
holds for each real u,w and s, t ∈ I.
The following lemma is equivalent to the definition of convex function
[5, page 2].
Lemma 2.3. If x1, x2, x3 ∈ I are such that x1 ≤ x2 ≤ x3, then the
function f : I → R is convex if and only if inequality
(x3 − x2)f(x1) + (x1 − x3)f(x2) + (x2 − x1)f(x3) ≥ 0
holds.
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4Theorem 2.4. Let p = (p1, ..., pn) be a real n-tuple, x = (x1, ..., xn)
be a positive n-tuple and x0 ∈ (0,∞) such that x1 ≥ ... ≥ xm ≥ x0 ≥
xm+1 ≥ ... ≥ xn (m ∈ {0, 1, 2, ..., n}), x˜n :=
∑n
k=1 pkxk ∈ (0,∞) and
(8) is satisfied. Also let Φ(x;p;φt), where φt is defined by Lemma 2.1,
be a positive valued function. Then t → Φ(x;p;φt) is log-convex on R.
Also for r ≤ s ≤ t, where r, s, t ∈ R, we have
(10) (Φ(x;p;φs))
t−r ≤ (Φ(x;p;φr))t−s (Φ(x;p;φt))s−r .
Proof. Let f(x) = u2φs(x) + 2uwφr(x) + w
2φt(x) where r, s, t ∈ R such
that r = s+t2 and u,w ∈ R. Then we have




)2 ≥ 0 for x ∈ (0,∞).
This implies that f is convex on (0,∞).




pkf(xk) +Bf(x0) ≥ 0



































u2Φ(x;p;φs) + 2uwΦ(x;p;φr) + w
2Φ(x;p;φt) ≥ 0.
Now by Lemma 2.2, we have that Φ(x;p;φt) is log-convex in the Jensen
sense.
Since limt→1Φ(x;p;φt) = Φ(x;p;φ1) and limt→0Φ(x;p;φt) = Φ(x;p;φ0)
it follows that Φ(x;p;φt) is continuous for all t ∈ R, therefore it is a
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5log-convex function [5, page 6], i.e. log Φ(x;p;φt) is convex.
Now by Lemma 2.3, we have that, for r ≤ s ≤ t with f = logΦ,
(t− s) log Φ(x;p;φr)+ (r− t) log Φ(x;p;φs)+ (s− r) log Φ(x;p;φt) ≥ 0.
This is equivalent to inequality (10). 
Remark 2.5. We keep the assumption that the function t → Φ(x;p;φt),
is positive valued in the rest of the paper.
We shall denote a square matrix of order l by [aij ], with elements aij ,
i, j = 1, ..., l. Recall that a real symmetric matrix is said to be positive





is non-negative for all non-trivial sets of the real variable xi, i.e. for
(x1, ..., xl) = (0, ..., 0).
Theorem 2.6. Let p = (p1, ..., pn) be a real n-tuple, x = (x1, ..., xn)
be a positive n-tuple and x0 ∈ (0,∞) such that x1 ≥ ... ≥ xm ≥ x0 ≥
xm+1 ≥ ... ≥ xn (m ∈ {0, 1, 2, ..., n}), x˜n :=
∑n
k=1 pkxk ∈ (0,∞) and







, where 1 ≤ i, j ≤ l,










≥ 0 for all k = 1, ..., l.





, where i, j = 1, ..., l, and let
v = (v1, ..., vl) be a nonzero arbitrary vector from Rl.
Consider a function






















≥ 0 for x ∈ (0,∞).
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6This implies λ is convex on (0,∞). Now applying Theorem 1.4 for
function λ, we have








so the given matrix is positive semi-definite matrix.
Using well-known Sylvester criterion, we get
(11)
∣∣∣∣∣∣∣∣∣













· · · Φ (x;p;φrk)
∣∣∣∣∣∣∣∣∣ ≥ 0
for all k = 1, ..., l. 
Remark 2.7. Note that, we can again deduce that t → Φ(x;p;φt) is
log-convex function by taking k = 2 in (11).
Definition 1. Let p = (p1, ..., pn) be a real n-tuple, x = (x1, ..., xn)
be a positive n-tuple and x0 ∈ (0,∞) such that x1 ≥ ... ≥ xm ≥ x0 ≥
xm+1 ≥ ... ≥ xn (m ∈ {0, 1, 2, ..., n}), x˜n :=
∑n
k=1 pkxk ∈ (0,∞) and (8)






, t = r,
Mr,r(x;p) = exp
(
− 2r − 1



















Remark 2.8. Note that limt→r Mt,r(x;p) = Mr,r(x;p), limr→1Mr,r(x;p) =
M1,1(x;p) and limr→0Mr,r(x;p) = M0,0(x;p).
To prove the monotonicity of Mt,r(x;p), we shall use the following
Lemma [4].
Lemma 2.9. Let f be a log-convex function and assume that if x1 ≤ y1,
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7Theorem 2.10. Let p = (p1, ..., pn) be a real n-tuple, x = (x1, ..., xn)
be a positive n-tuple and x0 ∈ (0,∞) such that x1 ≥ ... ≥ xm ≥ x0 ≥
xm+1 ≥ ... ≥ xn (m ∈ {0, 1, 2, ..., n}), x˜n ∈ (0,∞) and (8) is satisfied.
Also let t, r, v, u ∈ R such that r ≤ u, t ≤ v. Then
(13) Mt,r(x;p) ≤Mv,u(x;p).
Proof. As it is proved in Theorem 2.4 that Φ(x;p;φt) is log-convex,
so taking x1 = r, x2 = t, y1 = u, y2 = v, where r = t, v = u and












This is equivalent to (13) for r = t and v = u.
From Remark 2.8, we get (14) is also valid for r = t or v = u. 
Similarly, we can consider another class of functions:





, t = 0;
1
2x
2, t = 0.
Then φ˜t(x) is convex on R.
Proof. Since
φ˜′′t (x) = e
tx > 0 for all x, t ∈ R,
therefore φ˜t(x) is convex on R for each t ∈ R. 
Theorem 2.12. Let p = (p1, ..., pn), x = (x1, ..., xn) be two real n-
tuples, x0 ∈ R such that x1 ≥ ... ≥ xm ≥ x0 ≥ xm+1 ≥ ... ≥ xn
(m ∈ {0, 1, 2, ..., n}), x˜n :=
∑n
k=1 pkxk ∈ R and (8) is satisfied. Also
let Φ(x;p; φ˜t), where φ˜t is defined by Lemma 2.11, be a positive valued
function. Then t → Φ(x;p; φ˜t) is log-convex. Also for r ≤ s ≤ t, where




)t−r ≤ (Φ(x;p; φ˜r))t−s (Φ(x;p; φ˜t))s−r .
Proof. The proof is similar to the proof of Theorem 2.4. 
Theorem 2.13. Let p = (p1, ..., pn), x = (x1, ..., xn) be two real n-
tuples, x0 ∈ R such that x1 ≥ ... ≥ xm ≥ x0 ≥ xm+1 ≥ ... ≥ xn
(m ∈ {0, 1, 2, ..., n}), x˜n :=
∑n
k=1 pkxk ∈ R and (8) is satisfied. Also let






, where 1 ≤ i, j ≤ l,
Rad Hrvat. akad. znan. umjet. 515 Matematičke znanosti 17 (2013), str. 1-10
J. Pečarić and Atiq UR Rehman On Logarithmic Convexity










≥ 0 for all k = 1, ..., l.
Proof. The proof is similar to the proof of Theorem 2.6. 
Definition 2. Let p = (p1, ..., pn), x = (x1, ..., xn) be two real n-tuples,
x0 ∈ R such that x1 ≥ ... ≥ xm ≥ x0 ≥ xm+1 ≥ ... ≥ xn (m ∈
{0, 1, 2, ..., n}), x˜n :=
∑n
k=1 pkxk ∈ R and (8) is satisfied. Then for







, t = r,








, r = 0,






Remark 2.14. Note that limt→r M˜t,r(x;p) = M˜r,r(x;p) and limr→0 M˜r,r(x;p) =
M˜0,0(x;p).
Theorem 2.15. Let p = (p1, ..., pn), x = (x1, ..., xn) be two real n-
tuples, x0 ∈ R such that x1 ≥ ... ≥ xm ≥ x0 ≥ xm+1 ≥ ... ≥ xn
(m ∈ {0, 1, 2, ..., n}), x˜n :=
∑n
k=1 pkxk ∈ R and (8) is satisfied. Also let
r, t, v, u ∈ R such that r ≤ u, t ≤ v. Then we have
(16) M˜t,r (x;p) ≤ M˜v,u (x;p) .
Proof. The proof is similar to the proof of the Theorem 2.10. 
3. Mean value theorems
Lemma 3.1. Let f ∈ C2(I), where I ⊆ R is an interval, such that
(17) m ≤ f ′′(x) ≤M for all x ∈ I.









Then ρi(x) for i = 1, 2 are convex on I.
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9Proof. We have that
ρ′′1(x) = M − f ′′(x) ≥ 0,
ρ′′2(x) = f
′′(x)−m ≥ 0,
that is, ρi(x) for i = 1, 2 are convex on I. 
Theorem 3.2. Let f : I → R, where I ⊆ R is an interval, p =
(p1, ..., pn) be a real n-tuple and x = (x1, ..., xn) be n-tuple in I
n and x0 ∈
I such that x1 ≥ ... ≥ xm ≥ x0 ≥ xm+1 ≥ ... ≥ xn (m ∈ {0, 1, 2, ..., n}),
x˜n :=
∑n
k=1 pkxk ∈ I and (8) is satisfied. If f ∈ C2(I), then there exists
ξ ∈ I such that
(18) Φ(x;p; f) = f ′′(ξ)Φ(x;p;φ2),
where φ2(x) = x
2/2.
Proof. Suppose that f ′′ is bounded and thatm = inf f ′′ andM = sup f ′′
(−∞ < m < M <∞).
In Theorem 1.4, setting f = ρ1 and f = ρ2 respectively as defined in
Lemma 3.1, we get the following inequalities
(19) Φ(x;p; f) ≤MΦ(x;p;φ2),
(20) Φ(x;p; f) ≥ mΦ(x;p;φ2).
Since Φ(x;p;φ2) is positive by assumption, therefore combining (19)
and (20), we get,
(21) m ≤ Φ(x;p; f)
Φ(x;p;φ2)
≤M.
Now by condition (17), there exists ξ ∈ I such that
Φ(x;p; f)
Φ(x;p;φ2)
= f ′′ (ξ) .
This implies (18). Moreover (19) is valid if (for example) f ′′ is bounded
from above and hence (18) is valid.
Of course (18) is obvious if f ′′ is not bounded. 
Theorem 3.3. Let f, g : I → R, where I ⊆ R is an interval, p =
(p1, ..., pn) be a real n-tuple and x = (x1, ..., xn) be n-tuple in I
n and x0 ∈
I such that x1 ≥ ... ≥ xm ≥ x0 ≥ xm+1 ≥ ... ≥ xn (m ∈ {0, 1, 2, ..., n}),
x˜n :=
∑n
k=1 pkxk ∈ I and (8) is satisfied. If f, g ∈ C2(I), then there







provided that the denominators are non-zero.
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Proof. Let a function k ∈ C2(I) be defined as
k = c1f − c2g,
where c1 and c2 are defined as
c1 = Φ(x;p; g),
c2 = Φ(x;p; f).














After putting values, we get (22). 
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